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ABSTRACT
We show that the background field method applied to supergrav-
ity in adS space-time provides the path integral for the theory in
the bulk with conformal symmetry associated with the isometry
of the adS space. This in turn allows to establish the rigid confor-
mal invariance of the generating functional for the supergravity
correlators on the boundary.
† Onderzoeksdirecteur FWO, Belgium
1 Introduction
In this note we present an observation that the effective gauge-fixed super-
gravity actions have conformal (and R-symmetry) in the bulk and at the
boundary in cases when the adSp+2 × Sd−p−2 background (with form-fields)
defines a vacuum of the theory. This sheds a light on the status of the recent
conjecture [1] about CFT/adS correspondence between the large N limit of
the SU(N) Yang-Mills theory and supergravity. In particular, we will find
out what part of the Maldacena’s conjecture [1] can be proved and what part
remains to be studied.
Our observation is based on the existence of the background functional
method, first introduced for the gravitational field theories by Bryce De Witt
[2] and extended later for the case of supergravities in [3]. We use here the
existence of the so-called background covariant gauges in which the effective
action of the theory as well as the generating functional of the Green functions
are background invariant.
In fact we are using here precisely the same idea which has allowed us to
construct a conformal theory of branes in [4]. There we had a class of actions
with worldvolume local symmetries and rigid symmetries due to isometries
of the adS space. After gauge fixing local symmetries, we found that the
gauge-fixed theory has conformal symmetry. The basic idea is the same
in supergravity: the gauge-fixed action can be constructed in background
covariant gauges which respect the symmetry of the background. In the case
of interest it is a conformal symmetry associated with the adS background.
Our general analysis applies to the following class of theories. i)The so
called Poincare´ supergravities (ungauged) for which the adSp+2×Sd−p−2−k×
Ek background with some form-fields is a solution of classical field equa-
tions. ii) Any of the gauged supergravities for which the adS space is known
to be a consistent solution of field equations. In some cases these gauged
supergravities correspond to the massless modes of the higher dimensional
supergravity compactified on a sphere or on some other compact space. This
is the simplest case and for adS5 it will be studied in detail.
We first remind the essential features of the background field method
for the supergravity in general and specify it for the case of a background
with isometries in Sec. 2. In Sec. 3 we derive the conformal symmetry
of the generating functional for the Green functions of the supergravity in
adS space in the bulk. In Sec. 4 we deduce the simplified rigid conformal
symmetry for correlators at the boundary of the adS space. In Sec. 5 we
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suggest how to compare our results with available calculations. Finally in
the discussion we explain that the part of the Maldacena’s conjecture about
conformal symmetry in supergravity is proved. We explain why this is not
yet the proof of the exact correspondence with the conformal Yang-Mills
theory.
2 Background field method in supergravity
and isometries
The background method is best described in condensed De Witt’s notation
[2] where the gauge symmetry of the classical action means that
Scl[Φ] = Scl[Φ + δΦ] , (2.1)
where Φi includes all fields of supergravity and
δlocΦ
i = Riα[Φ]ξ
α
loc , (2.2)
and ξαloc is the infinitesimal parameter of the local symmetry. In presence of
a background field φi, the fields of supergravity are shifted and the classical
action is given by Scl[φ + Φ]. This action is invariant under two types of
symmetries.
1. Transformations which affect only the quantum fields Φ which will
become the integration variables in the path integral:
δquantφ
i = 0 δquantΦ
i = Riα[φ+ Φ]ξ
α
loc . (2.3)
This results in
δloc(φ
i + Φi) = Riα[φ+ Φ]ξ
α
loc , (2.4)
which is a symmetry of the action Scl[φ+ Φ].
2. Background symmetry. Transformations of the background fields φ
are accompanied by transformations of the quantum fields Φ:
δGφ
i = Riα[φ]ξ
α
loc δGΦ
i = Riα,j [φ]Φ
jξαloc . (2.5)
This results in
δG(φ
i + Φi) = Riα[φ+ Φ]ξ
α
loc , (2.6)
so that the action Scl[φ+ Φ] is invariant.
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In view of the local symmetries, to define the path integral we have to
add to the classical action of supergravity some gauge-fixing conditions and
the ghost actions. The generating functional of the Green functions in su-
pergravity is given by
expiW [φ,J ] =
∫
dΦdc¯dcdc3 exp
iS[φ,Φ,c¯,c,c3,J ] . (2.7)
Here S consists of 4 terms, a classical action in the background, the gauge-
fixing action, the ghost action and the source term.
S[φ,Φ, c¯, c, J ] = Scl[φ+ Φ] + Sg.f [φ,Φ] + Sghost[φ,Φ, c¯, c, c3] + JiΦ
i . (2.8)
The integration in the path integral is performed over all quantum super-
gravity fields Φi and over the Faddeev-Popov anti-ghosts c¯ and ghosts c and
over the third ghost c3. The term Sg.f [φ,Φ] is designed to break all local
symmetries of the classical action. In this way the local gauge symmetry
of the first type, δquant is broken and replaced by the BRST symmetry due
to the presence of ghosts. However the second, the background symmetry
of the classical action, is preserved by both the gauge-fixing condition in
background covariant gauges, by the ghost action and by the source term.
S[φ,Φ, c¯, c, J ] = S[φ+δGφ,Φ+δGΦ, c¯+δGc¯, c+δGc, c3+δGc3, J+δGJ ] . (2.9)
Since we are mostly interested here in the tree approximation of supergravity,
we will not provide here the background symmetry transformations of the
ghosts, it is sufficient to notice that it exists. However, the transformation
of source fields which preserves the background symmetry of the integrand
in the path integral is important for our purpose and it is given below:
δGJi = JjR
j
α,i[φ]ξ
α . (2.10)
For example, the gravitational part of our integrand (2.8) in the path integral
(2.7) is
S = Scl[gµν + hµν ] + Sg.f [gµν , hµν ]
+ Sghost[gµν , hµν , c¯, c] +
∫
ddx
√
g hµνJ
µν (2.11)
where
√
g ≡
√
|detgµν | and
Sg.f [gµν , hµν ] =
∫
ddx
√
g
1
2
Dρhρµ g
µνDσhσν , (2.12)
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and Dµ is a covariant derivative in the background metric gµν . For the vector
fields we have
Sg.f [gµν , Aµ] + Ssource =
∫
ddx
√
g
1
2
(DµAµ)
2 +
∫
ddx
√
g AµJ
µ . (2.13)
It is usual to consider the gauge-fixing term quadratic in quantum fields,
as in the examples above, in DeWitt’s notation this is 1
2
ΦiFij [φ]Φ
j . Together
with the part of the classical action quadratic in fields, S2cl, it gives
(S2cl + Sg.f)[φ,Φ] =
1
2
Φi(S,ij [φ] + Fij[φ])Φ
j (2.14)
This defines the free background dependent Green functions Gij [φ]
− (Sij + Fij) [φ]Gjk[φ] = δik . (2.15)
The basic property of the differential operators (Sij + Fij)[φ] and higher
order vertices S,ijk...[φ] in the background field method is that they transform
covariantly under the background field transformations. This means that for
each upper index the transformation is as in (2.5) for Φi and for each index
down as for the source Ji.
Thus we have reminded here the well known property of the background
field method for supergravity which allows to construct the generating func-
tional for the Green functions of the theory in background covariant way, i.e.
by keeping the following symmetry:
W [φ, J ] = W [φ+ δGφ, J + δGJ ] . (2.16)
This background symmetry is also present in the effective action of the the-
ory:
Γ[φ, Φ˜] = W [φ, J ]− JiΦ˜i , (2.17)
where J is replaced by the function of the background and classical fields
according to the solution of
δW
δJi
[φ, J(φ, Φ˜)] = Φ˜i . (2.18)
Here one has to take into account that the background transformation of the
field Φ˜i is given by
δGΦ˜
i = Riα,j[φ]Φ˜
jξα . (2.19)
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In case the background has isometries, which means that for some part of
ξα, which will be denoted by ξαK ,
δKillingG φ
i = Riα[φ]ξ
α
K = 0 , (2.20)
The generating functional for the Green functions of the theory has the fol-
lowing symmetry∗
W [φ, J ] = W [φ, J + LξKJ ] . (2.21)
Here the transformation of the sources J for the particular case we con-
sider, when the background has isometries, is reduced to an action of the
Lie derivative for a given field with respect to the Killing vectors. For the
effective action we have the following symmetry:
Γ[φ, Φ˜] = Γ[φ, Φ˜ + LξK Φ˜] . (2.22)
When the path integral of supergravity is expanded near the saddle point
Φ = Φ˜ , one gets in the first approximation the generating functional for the
correlators and the effective action describing all tree diagrams.
Wtree[φ, J ] = Scl[φ+ Φ˜] + Sg.f [φ, Φ˜] + JiΦ˜
i . (2.23)
Γtree[φ, Φ˜] = Scl[φ+ Φ˜] + Sg.f [φ, Φ˜] (2.24)
− δΓtree[φ, Φ˜]
δΦ˜i
= Ji . (2.25)
The iterative solution of eq. (2.25) gives Φ˜i as a functional of the sources.
It involves background covariant free Green functions Gij [φ] and vertices
S,ijk[φ], S,ijkl[φ], . . . of the theory. Symbolically the tree solution for the field
Φ˜i can be written as
Φ˜i =
(
Jj +
1
2
JpG
pmS,mjn[φ]JqG
qn + . . .
)
Gji[φ] . (2.26)
By inserting this tree field back into the r.h.s of eq. (2.23) for Wtree one gets
the generating functional of all connected Green functions of the theory in
the tree approximation.
∗We assume here that the Jacobian of the background transformations on the quantum
fields is trivial, i.e. that the background symmetry has no anomalies.
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3 Conformal symmetry of supergravities in
adS spaces in the bulk
The new interesting feature of the background field method comes from the
fact that when we consider supergravity in the fixed adS background we are
allowed to consider only those symmetries of the generating functional for
the Green functions or effective action which do not change the background.
The background has isometries generated by the Killing vector fields ξK .
Therefore the symmetry of the generating functional is reduced to the action
of the Lie derivatives with respect to the Killing vectors of the adS space.
The metric of our background adSp+2 × Sd−p−2 geometry is
ds2 =
(
r
R
) 2
w
dxmηmndx
n +
(
R
r
)2
[dr2 + r2dΩ2] . (3.1)
One can also rewrite this metric as (m = 0, . . . , p; m′ = p+1, . . . , d−1; r2 =
ym′ym′)
ds2 =
(
r
R
) 2
w
dxmηmndx
n +
(
R
r
)2
dym
′
δm′n′dy
n′ . (3.2)
In these coordinates the infinitesimal action of the SO(p + 1, 2) isometry
group is [4]
δadS(ξ)x
m = −ξˆm(x, r) = −ξm(x)− (wR)2
(
R
r
) 2
w
ΛmK ,
δadS(ξ)y
m′ = −ξˆm′(x, r) = wΛD(x)ym′
δadS(ξ)r = −ξˆr(x, r) = wΛD(x)r , (3.3)
where
ξm(x) = am + λmnM xn + λDx
m + (x2ΛmK − 2xmx · ΛK) ,
ΛD(x) =
1
d
∂mξ
m = λD − 2x · ΛK (3.4)
and am, λmnM , λD,Λ
m
K are the constant parameters associated with transla-
tions Pm, Lorentz transformations Mmn, dilatations D and special conformal
transformations Km. In case that d > p + 2, there is also a sphere S
d−p−2
and we have SO(d− p− 1) R-symmetry
δSO(d−p−1)y
m′ = Λm
′
n′y
n′ (3.5)
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Now we can apply the adS and the R-transformations to study the symmetry
of the generating functional of the supergravity in the background covariant
gauges.
We will explain the main result for the simpler case of only adS back-
ground in the case of gauged supergravity. The generalization to the more
general situation when the sphere is present is technically more involved.
Also for definiteness we will focus on the case of adS5 which describes the
massless part of ten-dimensional supergravity compactified on adS5 × S5.
This part of Maldacena’s conjecture was developed in [5, 6, 7, 8, 9] where
actual calculations supporting the conjecture were presented.
The path integral of the 5-dimensional N=8 gauged supergravity in the
adS5 background is symmetric under the isometries generated by the Killing
vector fields, δadS(ξ)gµν = 0 and we will use the notation µ = 0, 1, 2, 3, r.
Here m = 0, 1, 2, 3 are coordinates of the 4-dimensional boundary which is
at r →∞.
First we focus on supergravity in the bulk. The action of adS symmetry
on all sources to the supergravity fields is generated by the Lie derivative
with respect to the Killing vectors ξ. These in turn coincide with what is
known in supergravity literature as ‘general covariance’ transformation of
various fields in the action. By combining these two notions we are getting
the following symmetry transformations for the sources of the gravitational,
vector and scalar fields, Jµν , Jµ, J which are coupled to the supergravity
fields. The generating functional for the Green functions (2.21) is symmetric
under the following transformations of sources:
− LξJµν = ξˆλ∂λJµν − ∂λξˆµJλν − ∂λξˆνJµλ (3.6)
− LξJµ = ξˆλ∂λJµ − ∂λξˆµJλ (3.7)
− LξJ = ξˆλ∂λJ (3.8)
and the corresponding transformations on fermionic sources. Here ξˆλ = ξˆm
for λ = 0, 1, 2, 3 is defined in eq. (3.3) and the last one, the r-component is
ξˆr is equal to −wΛD(x)r as one can see from eq. (3.3).
The effective action (2.22) is symmetric under the following transforma-
tions of the effective fields
− Lξh˜µν = ξˆλ∂λh˜µν + ∂µξˆλh˜λν + ∂ν ξˆλh˜µλ (3.9)
− LξA˜µ = ξˆλ∂λA˜µ + ∂µξˆλA˜λ (3.10)
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− LξΦ˜ = ξˆλ∂λΦ˜ (3.11)
and the corresponding transformations on fermionic fields.
The transformations shown in eqs. (3.6), (3.7), (3.8) represent the con-
formal symmetry of the generating functional for the correlators of the su-
pergravity fields in the bulk at finite values of r. Note that so far our sources
are defined in the bulk and differentiating the generating functional over the
sources one can get all correlators of supergravity fields in the bulk.
If the actual calculation of the generating functional is performed, e. g.
the term quadratic in J is found it takes the form
W (gµν(r), J
µν(x, r), Jµ(x, r), J(x, r), ...)
=
1
2
∫
d4xdrd4x′dr′J(x, r)G(x, r; x′, r′)J(x′, r′) + ... (3.12)
This expression has to be invariant under the transformations (3.8) which
puts constraints on the Green function G in the bulk. The same takes place
for any other correlator.
4 Conformal symmetry of supergravities on
the boundary of the adS spaces
The basic idea developing Maldacena’s conjecture [1] was suggested by Gub-
ser, Klebanov and Polyakov [6], and Witten[7]. It was to place the sources to
the supergravity fields at the boundary and calculate the correlators of the
fields on the boundary and compare them with those of the YM theory.
In our context the advantage of considering the sources to the super-
gravity fields located only at the boundary of the adS space is the dramatic
simplification of the conformal symmetry comparative to the one in the bulk.
To find these symmetries we have to consider the limit of our conformal
symmetries in the bulk to the boundary at r →∞. We specify the case with
adS5, w = 1. We will first change the variables to z =
R2
r
in which the adS
part of the metric is conformally flat ds2 = R
2
z2
(dx2m+dz
2). In these variables
the boundary is at z → 0. Clearly,
ξˆm(x, z)z→0 = (ξ
m(x) + z2ΛmK)z→0 =⇒ ξm(x) (4.1)
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and
(ξˆz)z→0 =⇒ ΛD(x)z , (4.2)
where the parameters of the rigid conformal symmetry ξm(x) and ΛD(x)
are given in eq. (3.4). We will denote the sources placed at the boundary,
which are z-independent by J . To find the boundary limit of the conformal
transformations from the bulk we note that on z-independent functions(
ξˆm(x, z)∂m + ξˆ
m(x, z)∂z
)
z→0
=⇒ ξm(x)∂m . (4.3)
To study the limit to the boundary on tensors we need to use(
∂mξˆ
n(x, z)
)
z→0
=⇒ ∂mξn(x) (4.4)(
∂z ξˆ
z(x, z)
)
z→0
=⇒ ΛD(x) (4.5)(
∂z ξˆ
n(x, z)
)
z→0
=⇒ 2ΛnK(x)z =⇒ 0 (4.6)(
∂mξˆ
z(x, z)
)
z→0
=⇒ ∂mΛD(x)z =⇒ 0 (4.7)
It follows that the components of the contravariant tensors in the bulk
direction z are not mixed anymore with those in directions x.
− Lboundξ Jmn = ξl(x)∂lJmn − ∂lξmJ ln − ∂lξnJml (4.8)
− Lboundξ Jm = ξl∂lJm − ∂lξmJ l (4.9)
− Lboundξ J = ξl∂lJ (4.10)
with ξm(x) defined in eq. (3.4).
The transformation of the remaining components of the sources is
−Lboundξ Jmz = ξl(x)∂lJmz − ∂lξmJ lz − ΛD(x)J mz (4.11)
− Lboundξ J zz = ξl(x)∂lJ zz − 2ΛD(x)Jmz (4.12)
−Lboundξ J z = ξl∂lJ z − ΛD(x)J z . (4.13)
The generating functional depending on boundary sources has the follow-
ing symmetry:
W bound[J ] = W [J + Lboundξ J ] (4.14)
where the transformation of all sources at the boundary are given in eqs.
(4.8)-(4.13).
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Note that we have suppressed here the dependence on internal indices of
the vectors and scalars since for our simple example conformal symmetries
do not act on them, the only relevant ones are those which show the behavior
under general coordinate transformations.
5 Comparison with available calculations
Consider here the calculations of the 2-points and 3-points correlators avail-
able in the literature [6, 7, 9]. For massless scalars in Euclidean signature we
have
W (2)[J ] = c
∫
d4xd4y
J (x)J (y)
|x− y|8 (5.1)
This answer is in agreement with our form of conformal symmetry which
states that under the transformations (4.10) the functionalW has to be sym-
metric. These transformations include translation, dilatation, and Lorentz
transformations which are all obvious but also the special conformal trans-
formations, which are not so obvious. The transformation of W (2)[J ] is
δξW
(2)[J ] = −c
∫
d4x d4y
1
|x− y|8 [(LξJ (x))J (y) + J (x) (LξJ (y))]
= c
∫
d4x d4y
1
|x− y|8
[(ξ(x)m∂mJ (x))J (y) + J (x) (ξ(y)m∂mJ (y))](5.2)
After integration by parts, and using (3.4), we obtain
δξW
(2)[J ] = c
∫
d4x d4y
1
|x− y|8J (x)J (y) (5.3)[
−4ΛD(x)− 4ΛD(y) + 8(ξ(x)
m − ξ(y)m)(xm − ym)
|x− y|2
]
.
Inserting the explicit expression of ξm in (3.4) leads to the cancellation of
the terms in the square brackets.
For vectors in [7, 9] the relevant correlators are given for 2-point functions
and in [9] for the 3-point functions. Instead of doing a direct verification of
our symmetries when Jm sources are non-vanishing, as shown for scalars
above we may use some important properties of the correlators established
in [9] which will allow us to confirm that there is an agreement with our
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form of symmetries. In [9] the boundary correlators are found to be covari-
ant under inversion which means that the generating functional W [Jm] is
invariant under inversion. The relevant non-local functional is also invariant
under translational symmetry. Therefore by applying inversion, translation
and another inversion one can find out that the generating functional is in-
deed invariant under conformal symmetry as predicted by our analysis. The
functional for the 2-point correlators of vector fields found in [7, 9] has the
form
W 2[Jm] = c
∫
d4xd4yJma (x)J nb (y)δab
(
∂l∂
lδmn − ∂m∂n
) 1
|x− y|4 . (5.4)
The fabc part of the 3-point correlator was found in [9]
W 3[Jm] = c
∫
d4xd4yd4zJma (x)J nb (y)J lcfabc (5.5)
(k1D
sym
mnl(x, y, z) + k2C
sym
mnl(x, y, z)), (5.6)
where the tensors D and C have particular form presented in [9]. It may be
difficult but not impossible to establish that the generating functional for the
correlators of supergravity fields on the boundary calculated in [9] indeed has
the required symmetry properties required by eqs. (4.14), (4.9). This would
confirm that the choice of the inversion-covariant bulk-to-boundary Green
functions in [9] corresponds to the correct choice of the background-field
covariant gauge in adS background.
6 Discussion
In this note we have addressed the problem which naturally comes to the
mind of anybody familiar with the difference between ungauged supergravity,
gauged supergravity and conformal supergravity. As phrased by K. Stelle:
why should Poincare´ supergravity know anything about conformal symmetry
at all? The answer is that in general, indeed, only conformal supergravity
has local conformal symmetry and both ungauged and gauged supergravities
do not have anything close to conformal symmetry. However, when placed
in the consistent adS background with symmetries isomorphic to conformal
group these two versions of supergravity upon gauge-fixing do have conformal
symmetry as conjectured in [1]. In particular the generating functional for all
correlators of supergravity fields everywhere in adS space-time has conformal
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symmetries of the type which were found previously on the worldvolumes [4]
of brane actions. They are characterized by an unusual form of the special
conformal symmetry. Now we have found the analogous symmetries in the
space-time supergravity.
We also studied a particular case when the sources of the supergravity
fields are placed only on the boundary of the adS space-time, as proposed
in [6, 7]. The conformal symmetry of supergravity in the bulk is simplified
and reduced to the simple rigid conformal symmetry, consisting as usual
of translations, Lorentz transformations, dilatations and special conformal
transformations. For example we found that the generating functional of
the correlators of scalar fields of supergravity on the boundary is symmetric
under the transformations of the z-independent scalar source J placed at
the boundary z → 0:
δJ (x) =
(
am + λmnM xn + λDx
m + (x2ΛmK − 2xmx · ΛK)
) ∂
∂xm
J (x) (6.1)
It should also be stressed that in Witten diagrams [7, 9], as our analy-
sis shows, the Green functions which are not touching the boundary are in
fact bulk-to-bulk Green functions which are different from bulk-to-boundary
correlators used in the calculations performed so far. Such bulk-to-bulk corre-
lators will be always present in the tree level boundary supergravity starting
with 4-point correlators as well as in all loop diagrams. These Green func-
tions are conformal covariant in the bulk and not only at the boundary, as
well as all vertices of the theory.
Thus we have found a clear explanation via a background field method
why in ungauged or gauged supergravity one encounters rigid conformal sym-
metry. Note that our proof never used the tree approximation to the super-
gravity correlators, it is correct for any loop approximation under condition
that the adS background remains a consistent solutions of equations of mo-
tion with quantum corrections. It will be interesting to establish whether
this is true.
The observation made here does not indicate yet that the results of cal-
culations of correlators in tree level supergravity on the boundary have to be
the same as the one in large N limit of N = 4 supersymmetric Yang-Mills
theory. For this to happen one still have to find out whether the conformal
correlators with rigid N = 4 supersymmetry are unique. In general this is
by no means clear, the correlators may depend on few conformally invariant
functions [10] and the constants between them may not be always fixed by
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the superconformal symmetry alone: calculations in specific theories may be
required to supply such coefficients†. If superconformal symmetry is not fix-
ing the correlators in a unique way, some other reason for precise conjectured
agreement between supergravity and Yang-Mills theory has to be found.
In conclusion, we have shown a surprisingly simple picture as to how a
conformal (and superconformal) symmetry is present in supergravities in adS
spaces. This part of the famous CFT/AdS correspondence [1] is no conjecture
anymore: if one uses the correct Feynman rules for the calculations of tree
diagrams in supergravity in the particular set up, explained in this paper,
conformal symmetry is guaranteed to be there, in the form of eq. (2.21) in
the bulk and (4.14) at the boundary.
Note added After this paper was written we have seen the recent paper
of Liu and Tseytlin [11] where new calculations of supergravity correlators
on the boundary of the adS space are performed. In particular the aim
was to find the graviton-dilaton-dilaton correlator ‘without making a priory
assumption about the conformal invariance of the result’. A detailed study
of these set of calculations (and any new one which may appear soon) would
be interesting to carry out from the perspective of our proof of the conformal
symmetry of the full generating functional for the boundary correlators of
supergravity on adS.
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Branes and Physics in 5+1 dimensions’ conference in Trieste in April 1998 for
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tions related to this work with A. Matusis, A. Rajaraman and R. Siebelink.
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work of A.V.P. is supported by the European Commission TMR programme
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